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In order to develop further the theoretical treatment of a polymeric chain adsorbed at an interface, a random
walk model, in which each step has the same probability except that no step can retrace the preceding one on a
simple cubic lattice, has been used. The average number of adsorbed segments 7, the average number of trains i,
and the mean square end-to-end distance 7% are calculated as functions of the adsorption energy of segment ¢ and
the number of segments n when #n is infinitely large. The average numbers of segments in a train and a loop,
k' and k, are also calculated. Through the increment in the value of critical adsorption energy &., prohibition
of immediate reversal for the random walk fairly influences the average properties of adsorbed polymeric chain.
The decrease in m and the increase in k' with g/kT at its large values are remarkable in comparison with those
of the symmetric random walk, which may be accounted for by the diminution of the chance of making loops.
It is shown that 7% is equivalent to the mean square two-dimensional end-to-end distance of a restricted random
walk without immediate reversals on a simple cubic lattice at ¢,/kT and approaches that on a simple square lattice
in the limit ¢/k T—oo.

In the previous papers!—3 the adsorption of poly-
meric chains at an interface was analyzed by making

1) K. Motomura and R. Matuura, Mem. Fac. Sci., Kyushu
Univ., C6, 97 (1968).

2) K. Motomura and R. Matuura, J. Chem. Phys., 50, 1281
(1969); ibid., 51, 4681 (1969).

3) K. Motomura, K. Sekita. and R. Matuura, This Bulletin,
44, 1243 (1971).

use of the symmetric random walk in which the proba-
bility of the next step at any stage is not influenced by
that of the preceding one. McCrackin® and Bluestone
and Cronan® have estimated numerically average

4) F. L. McCrackin, J. Chem, Phys., 47, 1980 (1970).
5) S. Bluestone and C. L. Cronan, J. Phys. Chem., 70, 306
(1966).
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properties of the adsorbed polymeric chain having a
relatively small number of segments by performing a
Monte Carlo calculation to treat the effect of the self-
exclusion. Rubin® has derived the expressions for the
average number of adsorbed segments per polymeric
chain and the mean distance of the end of a polymeric
chain from the interface by means of a random walk
model, when the number of segments of the polymeric
chain is much larger than unity. In his model the
direction of each step is assumed to be at right angles
to the direction of the preceding step. A better know-
ledge about the behavior of a polymer molecule at an
interface in an extreme dilution may be obtained by
taking a correlation between steps of a random walker
into consideration.

In this paper we wish to consider a restricted random
walk in which each step has the same probability except
that any step is forbidden to retrace its previous one on
the simple cubic lattice and to know how the correlation
between neighboring steps affects the conformation
of the adsorbed polymeric chain.

Theoretical

1. Probability of an Adsorbed Polymeric Chain. As
we are concerned only with the behavior of a polymeric
chain in an adsorbed state, we assume that both the end
segments of the polymeric chain are adsorbed on an
interface; the adsorbed polymeric chain consists of an
alternate sequence of trains and loops. Denoting the
probabilities of loop and train by fi,(x;, »;) and g ;(xs,
¥'5), the probability of the adsorbed polymeric chain
composed of 41 segments is given by

m m—1
bal%, 0,4, ) = % %g jIIzl[t77kl-’+lgk'j(x./,:.yjl)]jI!lfkj(xj,.yj)
(1)
where
n = exp (¢/kT). (2)

Here —e¢ is the energy gain per segment associated with
the adsorption and ¢ is the parameter to evaluate the
number of trains. A set of k, x, and y means a micro-
scopic state satisfying

= k k,, == /’
n ;j'f'%‘[j X ;xj—k;xj
and _y=§!}y1+}?]y/

and the sums are taken over all possible values. On
introducing generating functions

PO, 4,8, 7) = &'E”ﬁn(x:y: I, 1) exp (ix0 + 9)
P(0, ¢,t,75) = 3] Pal0, s 1, 7)u” (3)

and the corresponding ones for fi(x, ) and gi(x, »),
we obtain

P(0, ¢, 1, 15 w) = t9G(0, 3 yw)/[1—17G(0, $5 7w)F (6, ¢; w)].

(4)

It is now necessary to calculate F (0, ¢; w) and G(0,

¢; yw). Let us define the probability of the restricted

6) R.J. Rubin, J. Res. Nat. Bur. Stand., B69, 301 (1965).
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random walk which arrives at a point (x, y, 0) from the
origin after n steps are ¢a(¥, ») and that in which the
direction of the final step is —z as ¢z%*(x,»). There
exists a relation between ¢.(x, ), ¢a*(x,), and fo(»,):

n
422 (*%,9) = 33 3 gaa(x—x", 3—y")
x',y’ 1=38

— L (x—x, )1 Ailx5 ). (5)
Introducing the generating functions analogous to Eq.
(3), the above equation becomes

F(0, ¢;w) = [Q(6, ¢; w) — 1/61/[Q (6, ¢5 w)
— Q%0 g;w)] — L (6)
With the help of the generating function of the random

walk with no immediate reversals on the simple cubic
lattice derived by Domb and Fisher?

Q (6, ¢, ¢; w) = [15— (cos G+ cos ¢+cos ¢)w]/
[15—6(cos 8-+ cos ¢+ cos P)w + 3w?], (7)
Q(0, ¢; w) is given by the expression
Q0 g5) = (120)" (6,9, g3 )y
= (1/6){(25 —?)[(5— 2w+ w?)?
— w24 1, (®)
where
¢ = cos @ + cos . (9)
By a similar procedure, it follows that
Q (0, p;w) — Q7%(0, ¢5 w) = (5/12){5+2cw—w?+ [(5—2cw
+w?)?— 4]V (5 — 20w+ w2 — 4w? V2 (10)
Substituting Eqs. (8) and (10) into Eq. (6), we obtain
F(0, 5 w) = (1/5){25— 106w+ 362 — 5[(5 — 2o+ 1?)?
— 4wV} {5+ 2cw — w?+ [ (5 — 2cw + w?)?
— 4?12}, (11)
On the other hand, g.(x, ) is the probability of a
two-dimensional random walk in which the probability
of each step is equal to 1/5 except that no step retraces
the previous one on a simple square lattice and is

correlated with the probability of the corresponding
symmetric random walk u, (¥, »):

Unia(%,9) = (1/9)un(x,2) + (1/ 12);7} = (3/6) (¢, 5)

X Uy y(x—2', 3—y') + (5/6)™*2gp.a(%, ).
By applying the generating function

U0, ¢; w) = 3] (6/5)"Un(6, p)w™

n=0

(12)

= 31 6/5)" 0" [Fun(x:5) exp (ix0+ipg)]

= 5/(5—2cw) (13)
and the generating function of g,(x, %) to Eq. (12), we
can obtain an explicit expression for G(6,¢;w):

G(0, ¢; w) = 2(5¢ —2w)w/(25— 10cw + 3w?). (14)

Substituting Egs. (11) and (14) into Eq. (4) and

rearranging the resulting equation, we obtain the
general solution for the adsorbed polymeric chain

7) C. Domb and M. D. Fisher, Proc. Cambridge Phil. Soc., 54,
48 (1958).
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P(0, ¢, t,n;3w) = N(c, ¢, 9, w)[D(c, ¢, 9, w) (15)
where
N(c, t, n, w) = 10¢5%w(5¢ — 27w){5+ 2cw — w?
+ [(6—2cw+ w?)?—4u?]V/2) (16)
and
D(c, t, 9, w) = 5(25— 10cnw + 37%w?){5 + 2cw — w?
+ [(6—2cw + w?)2—4w?]V/2} — 2t9%w(5c —29w)
X {25—10cw + 3w — 5[ (5 — 2cw + w?)2—4w?]V/2},  (17)
2. Evaluation of Average Properties. It is now

possible to evaluate average properties of the adsorbed
polymeric chain based on the model in which the
random walk has no immediate reversals. The average
number of adsorbed segments per polymeric chain #
can be obtained by noting Egs. (1) and (3):

7 = p[dP,(2, 1, 9)/d9]/Pn(2, 1, 9) (18)

where Py(c, ¢, ) is used instead of P,(6, ¢, ¢, 7). Ina
similar manner we have for the average number of
trains per polymeric chain the following equation:

= [0P,(2,¢, v)/dt]tﬂ/Pn(z: 1, n). (19)
It also follows that
r?= a2[coPy(c, 1, 7)/3"']c=2/Pn(29 1, %), (20)

where 7% is the mean square end-to-end distance and a
is the distance between neighboring segments.
Explicit expressions for P,(c, ¢, 1) and its derivatives
are immediately derived from Eq. (15). According to
Cauchy’s residue theorem, P,(2, 1, 1) is found to be

P2 1,7) = (1210) § (1P (2, 1, 75 )dw

= (1/2m) § (12" IN(2, 1,7, )/D(2, 1,7, )],
(21)
where C; includes only the pole at w=0. Denoting
the smallest root of
0=D(2,1, 5 w)
= (5—yw)[5(5—3ypw){5+4w—w?+[(5— 4w+ w?)?

— 400?] 12} — 20 {25 — 201 + S1w® — 5[(5 — 4w + w?)?

— dar]iny] (22)
by w;, which coincides with the branch-point w=1 at
the value 7=5/4 which corresponds to the critical value
of the adsorption energy, the integral of Eq. (21) may

be approximated by the residue at w=w, when n is
infinitely large. Thus we obtain

1 N(2,1, 9, w,)
wy**t 0D(2, 1, 9, wy) /0w

P,‘(Z, l, 77) = - (23)

where

0D(2, 1, 9, w,)[0w = — (5—7w,)[(5 — 4w, +w,?)?— 4w, *] 712
x {[25(472+ 37— 4) — 10(1672 — 12 — 5)w, + I (4p— 5)w,?]
X [(5—4w; +w,%)*— 4w, *]/2— 5y (47— 3)[(5 — 4w, + w,*)*
—4w,2]+ 10[5+ 7 (49— 3)w,] (10— 11w, + 6w, —w,®)}. (24)

The derivative of P,(2, 1, 1) with respect to » in the

numerator of Eq. (18) is evaluated similarly. If terms
which are not proportional to z» are dropped, we have
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dpP,(2,1,7) _ 1

dy o

1 0PQ,1,p3u)
f o WL ay d

n_ N@21, 9 w)dD?2, 1,5, w,)/dy
w,"*3 [0D(2, 1, , w,)/0w]?

(25)
where
dD(2, 1, 7, wy)/dy = — (5—7w,)w,{25(8y+3) —20(8y— 3)uw,
+ 3(87—5)w,*—5(8n—3)[(5— 4wy +w,*)* —4w,*]V2}. (26)

The same procedure gives the expressions for [0P,(2,
t, 9)[0t]s-x and [0Pn(c, 1, %)[0c]e=s in the limit n>1.
The results are

[aPn(zs 4 7) J _ _ n_ N@2,1,5w)dD21,7, w,)/0t
ot 1 W [0D(2, 1, 7, w,)/0w]?
(27)
and
[aP”(C, 1’ 77)] — n N(Z’ l: 7]’ wl)aD(z’ l’ 7]9 wl)/ac
ac c=2 B wl.'”2 [aD(zx 1: 7 wl)/aw]2
(28)
where

oD (2, 1, 9, w,)/0t = — 452w, (5 — nw,){25 — 20w, + 3w,*
— S[(5— 4w, +w?)*— 4w JV%} (29)
and
0D(2, 1, 9, wy)/0¢c = — 10w, [ (5 — 4w, + w,?)2—4w,?]~/2
X{[25(p*+7—1) —409(p— 1wy + 9 (49* - 5)w,*]
X [(5—4w; + ;%) — 4w ]2 =59 (n — 1) [(5 — 4w, +w,7)?
—4w,"]+ [25+207 (17— 1w, — 7*(47 — 3)w"]
X (5— 41, +we?) ). (30)
We can now calculate the average properties of the
polymeric chain adsorbed on an interface in the limit
n>1. Combining Eqgs. (23) and (25) with Eq. (18),
the expression for the average number of adsorbed
segments per polymeric chain is obtained:

7 dD(2, 1,7, wy)/dy
wy aD(2’ 1, s wl)/aw
For the average number of trains per polymeric chain
and the mean square end-to-end distance, we obtain
1 D2, 1, 9, w,)/0t

" or D2, 1, 9, wy)fow 32)

vV=n

(31)

i =

and
2 0D(2, 1, p, w,)/dc

72 — a2n—=_
T M, 9D, 1,9, w) 5w
The derivatives on the right-hand side of the above
formulas are already given explicitly in Eqgs. (24), (26),

(29), and (30).

(33)

Discussion

The average properties of the adsorbed polymeric
chain based on the model in which no step of a random
walk can retrace the previous one on the simple cubic
lattice have been evaluated as functions of the adsorp-
tion energy and the chain length for infinite chain length.
Computing w; satisfying Eq. (22) and substituting this
value into Eq. (31) with Eqgs. (24) and (26), we obtain
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Fig. 1. The ratio of # to n is plotted against ¢/k T in the limit

n>1: (a) restricted random walk without immediate reveral,
(b) symmetric random walk.?

the average number of adsorbed segments per polymeric
chain. This is graphically shown in Fig. 1 where
the ratio of # to n is plotted against the adsorption
energy ¢ measured in unit k7. For comparison the
ratio #/n for the symmetric random walk model discussed
in Part I is also given in Fig. 1. We see that the
prohibition of immediate reversals for the random walk
fairly influences the amount of segments adsorbed on
the interface. The resulting enhancement of critical
adsorption energy and diminution of the average
number of adsorbed segments can be explained by the
difference between decreases in statistical weights of the
two-dimensional and three-dimensional random walks,
due to the restriction for the step to retrace the preceding

step.

0.08
L o
ES 0.04
00 0;4 08 12
elkT
Fig. 2. The ratio m/n is plotted against ¢/kT: (a) restricted

random walk without immediate reversal, (b) symmetric

random walk.?
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The average number of trains per polymeric chain
m is calculated in the same way. The plot of ratio
m[n against ¢/kT is illustrated in Fig. 2 with the cor-
responding one of the symmetric random walk. Shapes
of the curves, m/n versus ¢/kT, seem to be alike as a
whole, while the decrease of the value of m/n of the
restricted random walk without immediate reversals at
large values of 7 is rather steep. The smaller average
number of trains (the smaller average number of loops)
for large values of » may be accounted for by the
diminution of the chance of making loops. The smal-
lest number of segments in the loop for the restricted
random walk without immediate reversals is k=2
instead of k=1 for the symmetric random walk, where
k is the average number of segments in the loop and is

given by

F= (n—n)/(m—1). (34)

30

10

e/kT

Fig. 3. k is plotted against ¢/kT": (a) restricted random walk
without immediate reversal (b) symmetric random walk.?
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Fig. 4. k' is plotted against ¢/kT: (a) restricted random walk
without immediate reversal, (b) symmetric random walk.?
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Fig. 5. The ratio 7%/na? is plotted against ¢/kT: (a) restricted
random walk without immediate reversal, (b) symmetric
random walk.?

The value of k¥ computed is plotted against ¢/k 7 in Fig. 3.
We might expect that the average number of segments
in the train ¥ increases rapidly with the adsorption
energy. The value of ¥ is easily evaluated by the
relation

K = v/m, (35)

Kinsi MotoMura, Yoshikiyo Moroi, and Ryohei MATUURA

[Vol. 44, No. 5

which is depicted against ¢/kT in Fig. 4. Increase of
k versus e/kT curve is remarkable compared with that
obtained previously.?

Finally the mean square end-to-end distance in the
limit n>»1 is calculated from Eq. (33) with Egs. (24)
and (30) by a similar procedure. The result is illus-
trated in Fig. 5 where the ratio 72/na? is plotted against
e/kT. Itis clear that the polymeric chain of the restricted
random walk without immediate reversals has a fairly
extended conformation in comparison with that of the
symmetric random walk in spite of the small value of
the average number of adsorbed segments per polymeric
chain. The value of 72 is na? at the critical adsorption
energy and approaches 2na? for infinite adsorption
energy. According to Domb and Fisher,” the mean
square end-to-end distance of the restricted random walk
with no immediate reversals on lattices in the limit
n>1 is given by

(B)pp = na*(1+8)/(1-9) (36)

0=1/(g—1), (37)
q being the coordination number of lattice used.
Equation (36) results in (r2)pr=(3/2)na? for the random
walk on a simple cubic lattice and (r?)pr=2na% on a
simple square lattice. It is easily recognized that the
mean square end-to-end distance of the adsorbed
polymeric chain is equivalent to that of the restricted
random walk without immediate reversals, of which
both ends are located on xy plane through z=0 in the
simple cubic lattice, at the critical adsorption energy
and approaches that of the two-dimensional one on the
simple square lattice for infinite adsorption energy.

where




